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Abstract
We consider a semilinear variation inequality in a thick multi-level junctionε , which
is the union of a domain 0 (the junction’s body) and a large number of thin
cylinders. The thin cylinders are divided intom classes depending on the geometrical
characteristics and the semilinear perturbed boundary conditions of the Signorini
type given on their lateral surfaces. In addition, the thin cylinders from each class are
ε-periodically alternated along some manifold on the boundary of the junction’s
body.
The purpose is to study the asymptotic behavior of the solution uε of this variation
inequality as ε → 0, i.e. when the number of the thin cylinders from each class
inﬁnitely increases and their thickness tends to zero. The passage to the limit is
accompanied by special intensity factors {εαk }mk=1 in the boundary conditions. We
establish two qualitatively diﬀerent cases in the asymptotic behavior of the solution
depending on the value of parameters {αk}mk=1. For each case we prove a
convergence theorem. As a consequence, we see that uε converges (as ε → 0) to the
solution of the corresponding nonstandard homogenized problem and show that
the semilinear boundary conditions are transformed in the limiting variational
inequalities in the region that is ﬁlled up by the thin cylinders from each class.
MSC: Primary 35B27; 47J20; secondary 35J85; 74K30
Keywords: homogenization; variational inequality; junction
1 Introduction and statement of the problem
It is known that some properties of materials are controlled by their geometrical struc-
ture. Therefore, the study of the inﬂuence of the material microstructure can improve
its useful properties and reduce undesirable eﬀects. Mathematical models for this study
are boundary-value problems (BVPs) in domains with complex structures: perforated do-
mains, grid-domains, domains with rapidly oscillating boundaries, junctions of thin do-
mains of diﬀerent conﬁguration, thick junctions, etc.
The present paper is devoted to further development of the asymptotic method pro-
posed in [], where we studied the linear Signorini boundary-value problem in a thick
junction.
A thick junction of type k : p : d is a union of some domain in Rn (called the junction’s
body) and a large number of thin domains, which are ε-periodically attached to someman-
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ifold on the boundary of the junction’s body. This manifold is called the joint zone. The
small parameter ε characterizes the distance between neighboring thin domains and also
their thickness. The type k : p : d of a thick junction refers, respectively, to the limiting
dimensions (as ε → ) of the junction’s body, the joint zone and each of the attached thin
domains.
Various constructions of thick-junction type are successfully used in nanotechnologies
[, ],microtechnique [],modern engineering constructions (microstrip radiator, ferrite-
ﬁlled rod radiator), aswell asmany other physical and biological systems such as, for exam-
ple, eﬃcient sensors (inertial, biological, chemical) (see the review []), signal processing
ﬁlters (ultra large band), micro-fractal constructions, the structure of the intestine lining
with diﬀerent levels of absorption of nutrients on diﬀerent part of the tissues, and so on.
It is often impossible to solve problems in thick junctions directly with numerical meth-
ods, because this would require too much CPU resources considering a large number of
components of thick junctions (in some cases few thousands). Therefore development of
new mathematical tools is necessary. One of them is asymptotic analysis of BVPs in thick
junctions as ε → , i.e., when the number of attached thin domains inﬁnitely increases
and their thickness decreases to zero. Asymptotic results give us the possibility to replace
the original problem in a thick junction by the corresponding homogenized problem that
is simpler and then apply computer simulation.
1.1 Amodel thick multi-level junction
In contrast to the paper [] we consider thick junctions with more complex structure,
namely thick multi-level junctions.
Let B be a ﬁnite union of smooth, disjoint, and nontangent D-domains B, . . . ,Bm
strictly lying in the unit square  := {ξ ′ = (ξ, ξ) :  < ξ < ,  < ξ < }.
A model thick multi-level junction ε of type  :  :  consists of the junction body
 =
{
x ∈R : x′ := (x,x) ∈Q := (,a)× (,a),  < x < γ
(
x′
)}
,
where γ ∈ C(Q) and minx′∈Q γ (x′) = γ > , and a large number of thin cylinders Gε :=⋃m
k=Gε(k), which are divided into m classes:
Gε(k) =
N–⋃
i,j=
{
x ∈R :
(x
ε
– i, x
ε
– j
)
∈ Bk ,x ∈ (–dk , ]
}
, (.)
k = , , . . . ,m, i.e., ε = ∪Gε (see e.g. Figure ). HereN is a large natural number, ε = aN
is a small discrete parameter that characterizes the distance between nearby thin cylinders
and their thickness.
The second novelty of this paper is the following nonlinear boundary conditions of the
Signorini type:
uε ≤ gk , ak∂νuε + εαk hk(uε)≤ , (uε – gk)
(
ak∂νuε + εαk hk(uε)
)
=  (.)
on Sε(k), k = , . . . ,m, where ∂ν = ∂∂ν is the outward normal derivative, and Sε(k) is the
union of the lateral surfaces of the thin cylinders Gε(k).
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Figure 1 Thick two-level junction.
Thus, each class Gε(k) is characterized by their geometrical characteristics (the cross-
sectional area Bk and the length dk) and their physical properties described by the positive
coeﬃcient ak , the functions {gk ,hk ,μk} and the parameter αk ∈R.
Many problems in applied mathematics involve the Signorini boundary conditions. Ap-
plications arise in groundwater hydrology, in plasticity, in crack theory, in optimal control
problems, etc. (see []). Many of these problems can be recast as variational inequalities
(see [, ]).
1.2 Statement of the problem
In ε we consider the following semilinear problem:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
–	uε +μ(uε) = f , in ,
–ak	uε +μk(uε) = , in Gε(k),
uε = , on 
,
∂νuε = , on ∂ε \ (
 ∪ Sε),
[uε]|x= = , ∂xuε|x=+ = ak∂xuε|x=–, on Qε(k),k = , . . . ,m,
(.)
with the boundary condition (.) on Sε(k), where the brackets denote the jump of the
enclosed quantities, 
 is a surface on ∂ located in {x : x > } and |
| >  (|
| is the
surface Lebesgue measure of 
), Qε(k) := ∂ ∩ ∂Gε(k), and Sε :=⋃mk= Sε(k).
For the given functions f , {gk ,μk ,hk}mk= we assume the following conditions:
C. f ∈ L(); gk ∈H(Dk ;Q) = {ϕ ∈H(Dk) : ϕ|Q =  in sense of the trace}, where
Dk :=Q× (–dk , ) is parallelepiped that is ﬁlled up with the thin cylinders Gε(k) as
ε → ;
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C. functions {μk}mk= and {hk}mk= are Lipschitz continuous (it is equivalent that they
belong toW ,∞loc (R)) and there exist positive constants c >  and c >  such that
c ≤ μ′k(s)≤ c, c ≤ h′k(s)≤ c for a.e. s ∈R; (.)
C. in the case if some αk <  we suppose that gk ≡  and hk () =  (the condition of
zero-absorption).
Our goal is to study the asymptotic behavior of the solution uε to the problem (.)-
(.) as ε → , i.e. when the number of thin attached cylinders from each class increases
unboundedly, while their thickness tends to zero.
The passage to the limit is accompanied by the perturbed coeﬃcients {εαk }mk= in the
boundary conditions (.). In the paper we also study the inﬂuence of these perturbations
on the asymptotic behavior of the solution.
1.3 Comments to the statement andmethods of the study. Description of some
results
. Thick junctions have special character of the connectedness: there are points in a thick
junction, which are at a short distance of order O(ε), but the length of all curves, which
connect these points in the junction, is of order O(). As a result, there are no extension
operators that would be bounded uniformly in the corresponding Sobolev spaces (see []).
At the same time the availability of an uniformly bounded family of extension operators
is typical supposition in overwhelming majority of the existing homogenization schemes
for problems in perforated domains with the Neumann or Robin boundary conditions
(see e.g. [, ]). In addition, thick junctions are non-convex domains with non-smooth
boundaries. Therefore, solutions of boundary-value problems in such domains have only
minimal H-smoothness, while (see e.g. []) the H-smoothness of a solution is neces-
sary to prove the convergence theorem. All these factors create special diﬃculties in the
asymptotic analysis of boundary-value problems in thick junctions.
. In a typical interpretation the solution to the problem (.)-(.) denotes the density of
some quantity (chemical concentration, temperature, electronic potential) at equilibrium
within the thick junction ε . Usually the source of the quantity is located in the junction’s
body. Therefore, the right-hand side f is deﬁned in .
. Standard assumptions for nonlinear terms of semilinear equations are as follows:
• |μ(s)| ≤ C( + |s|) for each s ∈R and some constant C;
• μ(s)s≥ C|s| –C for all s ∈R and appropriate constants C > , C ≥ .
However, many physical processes, especially in chemistry and medicine, have a mono-
tonous nature. Therefore, it is naturally to impose specialmonotonous conditions for non-
linear terms. In our case we propose simple conditions (.) which are easy to verify. For
instance, the function
μ(s) = λs + κs (with λ,κ > )
corresponds to the Michaelis-Menten hypothesis in biochemical reactions and to the
Langmuir kinetics adsorption models (see [, ] for more details) and satisﬁes condi-
tion (.) if f ≥ .
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From conditions (.) it follows (see []) that the inequalities
cs +μk()s≤ μk(s)s≤ cs +μk()s,
∣∣μk(s)
∣∣ ≤ ∣∣μk()
∣∣ + c|s|, (.)
cs + hk()s≤ hk(s)s≤ cs + hk()s,
∣∣hk(s)
∣∣ ≤ ∣∣hk()
∣∣ + c|s| (.)
are satisﬁed for all s ∈R and k = , . . . ,m.
. The boundary conditions (.) mean that there is a ﬂux of this quantity through some
part of the lateral sides of the thin cylinders. It is evident from the results we have pre-
sented that these conditions have a substantial inﬂuence on the asymptotic behavior of
the solution to the problem (.)-(.). To study the inﬂuence of the boundary interac-
tions on the asymptotic behavior of the solution, we introduce special intensity factors
εαk , k = , . . . ,m.
If some αk ≥ , then the diﬀerential equation –ak	uε +μk(uε) =  in the thin cylinders
Gε(k) and conditions (.) are transformed (as ε → ) into the following variational rela-
tions:
⎧
⎨
⎩
u(k) ≤ gk , –ak|Bk|∂xxu(k) + |Bk|μk(u(k) )≤ –δαk ,lkhk(u(k) ),
(u(k) – gk)(–ak|Bk|∂xxu(k) + |Bk|μk(u(k) ) + δαk ,lkhk(u(k) )) = ,
(.)
inDk , where δαk , is the Kronecker delta, |Bk| and lk are, respectively, the area and perime-
ter of the plane domain Bk .
If αk < , then the extension u˜ε (k) by zero of the solution uε fromGε(k) intoDk converges
strongly in L(Dk) to  as ε → .
Therefore, we consider two qualitatively diﬀerent cases.
• For all k ∈ {, . . . ,m}, we assume that the parameters αk ≥ . Then the solution uε
converges in some sense (see Section ) to the multi-valued function u, which is a
solution of the following semilinear variational inequality:
〈Au,ϕ – u〉 ≥ 〈F ,ϕ – u〉 ∀ϕ ∈K. (.)
• For some k = k parameter αk <  and the other parameters {αk} are greater or equal
to one. In this case the problem (.)-(.) splits (as ε → ) into m independent
problems: one of them is a semilinear boundary-value problem in the junction’s body
, the other ones are semilinear variational inequalities in Dk for k ∈ {, . . . ,m} \ {k}
(see Section ).
The rest of this paper is organized as follows. In Section  we prove the existence and
uniqueness of a weak solution to the problem (.)-(.) and the corresponding uniform
estimate. Then in Section , using themethod ofmonotone operators approach developed
in [], we derive the corresponding nonstandard homogenized problem, establish the ex-
istence and uniqueness of a weak solution to the homogenized problem in an anisotropic
Sobolev space of multi-valued functions, and prove the convergence theorem in the case
if all parameters αk ≥ , k = , . . . ,m. In Section  we study the asymptotic behavior of the
solution to the problem (.)-(.) in the second case. All these results are discussed in
Section , where we also cite additional literature.
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2 Variational statements for problem (1.2)-(1.3)
In the Sobolev space H(ε ;
) = {u ∈H(ε) : u|
 = }, we deﬁne the subset
Kε =
{
ϕ ∈H(ε ;
) : ϕ|Sε (k) ≤ gk|Sε (k) a.e. on Sε(k),k = , . . . ,m
}
,
where ψ |S denotes the trace of a Sobolev function ψ on a surface S. Obviously, Kε is a
closed and convex set for every ﬁxed value of ε > .
Since for each k ∈ {, . . . ,m} the function gk belongs to H(Dk ;Q), we can regard gk = 
in . As a result, the function
G(x) :=
⎧
⎨
⎩
, x ∈ ,
gk(x), x ∈Gε(k),k = , . . . ,m,
(.)
belongs to H(ε ;
) and G ∈Kε .
Let us suppose that a classical solution of the problem (.)-(.) exists. Multiplying the
equations of the problem (.)-(.) by the function uε – G , integrating by parts in ε and
taking into account the boundary conditions for uε , we ﬁnd
∫

∇uε · ∇uε dx +
m∑
k=
ak
∫
Gε(k)
∇uε · ∇(uε – gk)dx +
∫

μ(uε)uε dx
+
m∑
k=
∫
Gε (k)
μk(uε)(uε – gk)dx +
m∑
k=
εαk
∫
Sε (k)
hk(uε)(uε – gk)dσx
=
∫

fuε dx. (.)
Now we take any function ϕ ∈Kε and multiply the equations of the problem (.)-(.)
by the function ϕ – G . Similarly as before, we get
∫

∇uε · ∇ϕ dx +
m∑
k=
ak
∫
Gε (k)
∇uε · ∇(ϕ – gk)dx +
∫

μ(uε)ϕ dx
+
m∑
k=
∫
Gε(k)
μk(uε)(ϕ – gk)dx +
m∑
k=
εαk
∫
Sε (k)
hk(uε)(ϕ – gk)dσ
=
∫

f ϕ dx +
m∑
k=
∫
Sε (k)
(ϕ – gk)
(
ak∂νuε + εαk hk(uε)
)
dσx. (.)
Since ϕ ≤ gk and ak∂νuε + εαk hk(uε)≤  on Sε(k),
m∑
k=
∫
Sε (k)
(ϕ – gk)
(
ak∂νuε + εαk hk(uε)
)
dσx ≥ . (.)
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Taking into account (.), it follows from (.) that
∫

∇uε · ∇ϕ dx +
m∑
k=
ak
∫
Gε(k)
∇uε · ∇(ϕ – gk)dx +
∫

μ(uε)ϕ dx
+
m∑
k=
∫
Gε (k)
μk(uε)(ϕ – gk)dx +
m∑
k=
εαk
∫
Sε (k)
hk(uε)(ϕ – gk)dσx
≥
∫

f ϕ dx. (.)
Deﬁnition . A function uε ∈Kε is called a weak solution to the problem (.)-(.) if it
satisﬁes equality (.) and inequality (.) for any function ϕ ∈Kε .
Let us give variational operator statements for the problem (.)-(.). For this purpose
in the space H(ε ;
) along with the ordinary norm ‖u‖H(ε ) = (
∫
ε
(u + |∇u|)dx)  ,
we introduce the new norm ‖ · ‖ε , which is generated by the scalar product
(u, v)ε =
∫
ε
∇u · ∇vdx, u, v ∈H(ε ;
).
Due to the uniformDirichlet condition on 
, the norms ‖ ·‖ε and ‖ ·‖H(ε ) are uniformly
equivalent, i.e., there exist constants C >  and ε >  such that for all ε ∈ (, ε) and for
all u ∈H(ε ;
) the following estimates hold:
‖u‖ε ≤ ‖u‖H(ε ) ≤ C‖u‖ε . (.)
Denote by (H(ε ;
))∗ the dual space to H(ε ;
) and deﬁned a nonlinear operator
Aε :H(ε ;
) −→ (H(ε ;
))∗ through the relation
〈Aε(u), v
〉
ε
=
∫

∇u · ∇vdx +
m∑
k=
ak
∫
Gε(k)
∇u · ∇vdx
+
∫

μ(u)vdx +
m∑
k=
∫
Gε(k)
μk(u)vdx
+
m∑
k=
εαk
∫
Sε (k)
hk(u)vdσx ∀u, v ∈H(ε ;
),
where 〈·, ·〉ε is the duality pairing of (H(ε ;
))∗ and H(ε ;
).
Then Deﬁnition . can be re-written as follows.
Deﬁnition . A function uε ∈Kε is called a weak solution to the problem (.)-(.) if it
satisﬁes the equality
〈Aε(uε),uε – G
〉
ε
= 〈F ,uε – G〉ε (.)
and inequality
〈Aε(uε),ϕ – G
〉
ε
≥ 〈F ,ϕ – G〉ε ∀ϕ ∈Kε . (.)
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In (.) and (.) F ∈ (H(ε ;
))∗, it is deﬁned by 〈F , v〉ε :=
∫

fv dx. Obviously ‖F‖ ≤
C‖f ‖L().
An equivalent deﬁnition reads as follows.
Deﬁnition . A function uε ∈Kε is called a weak solution to the problem (.)-(.) if it
satisﬁes the inequality
〈Aε(uε),ϕ – uε
〉
ε
≥ 〈F ,ϕ – uε〉ε ∀ϕ ∈Kε . (.)
Let us show that deﬁnitions . and . indeed are equivalent. Subtracting equality (.)
from inequality (.), we arrive at (.). Setting ϕ = G into (.), we have
〈Aε(uε),G – uε
〉
ε
≥ 〈F ,G – uε〉ε .
Putting ϕ = uε – G into (.), we get the reversed inequality
〈Aε(uε),uε – G
〉
ε
≥ 〈F ,uε – G〉ε .
Thismeans that (.) holds. Setting ϕ =ψ +uε–G in (.), whereψ is an arbitrary function
from Kε , we get (.).
2.1 Existence and uniqueness of the weak solution. Uniform estimate
In the following we will often use the following identities (see [])
ε
∫
Sε (k)
vdσx =
lk
|Bk|
∫
Gε(k)
vdx
+ ε
∫
Gε(k)
∇ξ ′Yk
(
ξ ′
)∣∣
ξ ′= x′ε
· ∇x′vdx ∀v ∈H
(
Gε(k)
)
, (.)
k = , . . . ,m. Here |Bk| is the area of the plane domain Bk , lk is the length of ∂Bk , the auxil-
iary function Yk is a unique solution to the following problem:
⎧
⎪⎪⎨
⎪⎪⎩
	ξYk(ξ ′) = lk|Bk|–, ξ ′ = (ξ, ξ) ∈ Bk ,
∂ν(ξ ′)Yk(ξ ′) = , ξ ′ ∈ ∂Bk ,
∫
Bk Yk(ξ
′)dξ ′ = ,
(.)
and then Yk is ε-periodically continued with respect to ξ and ξ. Due to the regularity
properties of solutions to elliptic boundary-value problems we have
sup
ξ ′∈Bk
∣∣∇ξ ′Yk
(
ξ ′
)∣∣ ≤ c˜k . (.)
Using Cauchy’s inequality with δ (ab≤ δa + bδ , a,b > ) and (.), we deduce from (.)
the following estimates:
ε
∫
Sε (k)
v dσx ≤ C
(
ε
∫
Gε(k)
|∇x′v| dx +
∫
Gε(k)
v dx
)
, (.)
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∫
Gε (k)
v dx≤ C
(
ε
∫
Gε(k)
|∇x′v| dx + ε
∫
Sε (k)
v dσx
)
, (.)
for arbitrary function v ∈H(Gε(k)), k = , . . . ,m.
Remark . In (.), (.), and in the following all constants Ci and ci in inequalities are
independent of the parameter ε.
To prove the well-posedness result, we verify some properties of the operatorAε .
. Using (.) and (.), and Cauchy’s inequality with δ > , we obtain
〈Aε(v), v
〉
ε
≥ c
∫
ε
|∇v| dx + c
∫

v dx +
∫

μ()vdx +
m∑
k=
c
∫
Gε (k)
v dx
+
m∑
k=
∫
Gε
μk()vdx +
m∑
k=
cεαk
∫
Sε (k)
v dσx +
m∑
k=
εαk
∫
Sε (k)
hk()vdσx
≥ c‖v‖H(ε )
– δ
(
∣∣μ()
∣∣
∫

v dx +
m∑
k=
∣∣μk()
∣∣
∫
Gε(k)
v dx +
m∑
k=
εαk
∣∣hk()
∣∣
∫
Sε (k)
v dσx
)
– δ
(
∣∣μ()
∣∣|| +
m∑
k=
∣∣μk()
∣∣∣∣Gε(k)
∣∣ +
m∑
k=
εαk
∣∣hk()
∣∣∣∣Sε(k)
∣∣
)
,
where c = min(,a, . . . ,am) and c = min(c, c). Here it should be noted that the total
measure |Gε(k)| of the thin cylinders is order of O() and the total measure |Sε(k)| of the
lateral surfaces of the thin cylinders Gε(k) is order of O(ε–).
Then taking into account the condition of zero-absorption if some αk <  and using
(.), we can select appropriate δ such that
〈Aεv, v〉ε ≥ C‖v‖ε –C ∀v ∈H(ε ;
). (.)
This inequality means that the operatorAε is coercive.
. Let us show that it is monotone. Taking into account (.), we get
〈Aε(u) –Aε(u),u – u
〉
ε
≥
∫

∣∣∇(u – u)
∣∣ dx +
m∑
k=
ak
∫
Gε (k)
∣∣∇(u – u)
∣∣ dx + c
∫

(u – u) dx
+ c
m∑
k=
∫
Gε(k)
(u – u) dx +
m∑
k=
εαk c
∫
Sε (k)
(u – u) dσ
≥ c‖u – u‖ε .
. The operatorAε is hemicontinuous. Indeed, the real valued function
[, ]  τ → 〈Aε(u + τv),u
〉
ε
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is continuous on [, ] for all ﬁxed u,u, v ∈ Kε due to the continuity of the functions μ,
μk , hk , and Lebesgue’s dominated convergence theorem.
. Let us prove that operator Aε is bounded. Using the Cauchy-Bunyakovsky integral
inequality, (.) and (.)-(.), we deduce the following inequality:
∣∣〈Aε(u), v
〉
ε
∣∣
≤ c
∫
ε
∇u · ∇vdx +
∫

(∣∣μ()
∣∣ + c|u|
)|v|dx
+
m∑
k=
∫
Gε(k)
(∣∣μk()
∣∣ + c|u|
)|v|dx +
m∑
k=
εαk
∫
Sε (k)
(∣∣hk()
∣∣ + c|u|
)|v|dσx
≤ c‖u‖ε‖v‖ε + c‖v‖ε +
m∑
k=
εαk–
∣∣hk()
∣∣√ε|Sε(k)|
√
ε
∫
Sε (k)
v dσx
+ c
m∑
k=
εαk–
√
ε
∫
Sε (k)
u dσx
√
ε
∫
Sε (k)
v dσx. (.)
Now, with the help of (.) and the condition of zero-absorption in the case if some
αk < , we obtain
∣∣〈Aε(u), v
〉
ε
∣∣ ≤ C
(
 + ‖u‖ε + ‖u‖ε
m∑
k=
εαk–
)
‖v‖ε ∀u, v ∈H(ε ;
).
Thus, the operator Aε is bounded, strongly monotone, and hemicontinuous, i.e., it is
pseudo monotone operator (see Proposition . from [], Section .). As a result, exis-
tence and uniqueness of a solution of the variational inequality (.) for every ﬁxed value
ε now follow directly from Theorems ., . (see []).
. Taking into account (.), (.) and condition C, we derive from (.) that
C‖uε‖ε –C ≤ δ‖uε‖ε + c +
c
δ ‖G‖

ε +
c
δ ‖f ‖

L().
Selecting appropriate δ > , we obtain the uniform estimate
‖uε‖ε ≤ C
(
 + ‖f ‖L() +
m∑
k=
‖gk‖H(Dk )
)
. (.)
3 Convergence theorem in the case αk ≥ 1, k = 1, . . . ,m
For every k ∈ {, . . . ,m} let us introduce the following extensions by zero:
v˜ε (k)(x) =
⎧
⎨
⎩
vε , x ∈Gε(k),
, x ∈Dk \Gε(k),
(.)
where Dk = Q × (–dk , ) is parallelepiped that ﬁlled up with the thin cylinders Gε(k)
as ε → . It is obvious that this extension belongs to the anisotropic Sobolev space
W ,,(Dk) := {v ∈ L(Dk) : ∃ weak derivative ∂xv ∈ L(Dk)} with the scalar product
(u, v)W,,(Dk ) =
∫
Dk
(uv + ∂xu∂xv)dx.
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Theorem . (The case αk ≥ , k = , . . . ,m) The sequence of the weak solutions {uε}ε> of
the problem (.)-(.) satisﬁes the following relations:
uε|
w−→ u+ weakly in H(;
),
u˜ε (k)
w−→ |Bk|u(k) weakly in W ,,(Dk),
∂˜xiuε
(k) w−→  weakly in L(Dk), i = , ,
⎫
⎪⎪⎬
⎪⎪⎭
as ε →  (.)
for k = , . . . ,m, and the multi-valued function
u(x) :=
⎧
⎨
⎩
u+, x ∈ ,
u(k) , x ∈Dk ,k = , . . . ,m,
(.)
is the unique weak solution to the following problem:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
–	xu+ +μ(u+) = f in ,
u+ =  on 
, ∂νu+ =  on  \ (
 ∪Q),⎧
⎨
⎩
u(k) ≤ gk , ak|Bk|∂xxu(k) + |Bk|μk(u(k) )≤ –δαk ,lkhk(u(k) ),
(u(k) – gk)(–ak|Bk|∂xxu(k) + |Bk|μk(u(k) ) + δαk ,lkhk(u(k) )) = ,
in Dk ,
u+|x= = u(k) |x=, k = , . . . ,m,
∂xu+(x′, ) =
∑K
k= ak|Bk|∂xu(k) (x′, ), (x′, ) ∈Q,
∂xu
(k)
 |x=–dk = , k = , . . . ,m,
(.)
which is called the homogenized problem for the problem (.)-(.).
3.1 Existence and uniqueness of a weak solution to the homogenized problem
(3.4)
We introduce the space V := L()× L(D)× · · · × L(Dm) with the scalar product
(u,v)V =
∫

uv dx +
m∑
k=
∫
Dk
ukvk dx,
where u = (u,u, . . . ,um) and v = (v, v, . . . , vm). Also we deﬁne the Hilbert space
H :=
{u ∈ V : u ∈H(;
),uk ∈W ,,(Dk) and
u+
(
x′, 
)
= uk
(
x′, 
)
for a.e. x′ ∈Q,k = , . . . ,m}
with the scalar product
(u,v)H =
∫

∇u+ · ∇v+ dx +
m∑
k=
∫
Dk
(ukvk + ∂xuk∂xvk)dx.
Deﬁne also the subset
K = {ϕ ∈H : ϕk ≤ gk a.e. in Dk ,k = , . . . ,m}.
It is obvious that K is a closed and convex inH.
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The homogenized problem (.) is associated with the operatorA :H →H∗
〈Au,v〉 :=
∫

∇u · ∇v dx +
m∑
k=
ak|Bk|
∫
Dk
∂xuk∂xvk dx +
∫

μ(u)v dx
+
m∑
k=
|Bk|
∫
Dk
μk(uk)vk dx +
m∑
k=
δαk ,lk
∫
Dk
hk(uk)vk dx ∀u,v ∈H,
where 〈·, ·〉 is the duality pairing ofH∗ andH.
With the help of (.)-(.) and similarly as in Section ., we prove that the operatorA
is coercive, strongly monotone, bounded, and hemicontinuous.
By the same way as in Section  we can give equivalent deﬁnitions of a weak solution to
the problem (.). For this purpose deﬁne the multi-valued function
g(x) :=
⎧
⎨
⎩
, x ∈ ,
gk(x), x ∈Dk ,k = , . . . ,m.
Obviously g ∈K.
Deﬁnition . A function u ∈K is called a weak solution to problem (.) if it satisﬁes
the equality
〈Au,u – g〉 = 〈F ,u〉
and inequality
〈Au,ϕ – g〉 ≥ 〈F ,ϕ〉 ∀ϕ ∈K,
where the linear functional F ∈H∗ is deﬁned as follows:
〈F ,v〉 :=
∫

fv dx ∀v ∈H.
Deﬁnition . A function u ∈K is called a weak solution to problem (.) if it satisﬁes
the inequality
〈Au,ϕ – u〉 ≥ 〈F ,ϕ – u〉 ∀ϕ ∈K. (.)
Due to the inequality
∫

∣∣∇(ϕ – u+
)∣∣ dx +
m∑
k=
ak|Bk|
∫
Dk
∣∣∂x
(
ϕk – u(k)
)∣∣ dx
+
∫

(
μ(ϕ) –μ
(
u+
))(
ϕ – u+
)
dx
+
m∑
k=
|Bk|
∫
Dk
(
μk(ϕk) –μk
(
u(k)
))(
ϕk – u(k)
)
dx
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+
m∑
k=
δαk ,
∫
Dk
lk
(
hk(ϕk) – hk
(
u(k)
))(
ϕk – u(k)
)
dx
≥  ∀ϕ ∈K, (.)
which is valid because of (.)-(.), we can give another equivalent deﬁnition.
Deﬁnition . A function u ∈K is called a weak solution to problem (.) if it satisﬁes
the equality
〈Aϕ,ϕ – u〉 ≥ 〈F ,ϕ – u〉 ∀ϕ ∈K. (.)
Let us show that these deﬁnitions are equivalent. Setting the arbitrarymulti-valued func-
tion ϕ = u + t(ψ – u) ∈K (t ∈ [, ], ψ ∈K) in inequality (.), we get
〈A(u + t(ψ – u)
)
,ψ – u
〉
 ≥ 〈F ,ψ – u〉,
from which, using hemicontinuousness of the operator A, we obtain (.). Adding the
inequality (.) to (.), we get (.).
Thus, by virtue of properties of the operator A and Theorems ., . from [], the
homogenized problem (.) has the unique weak solution.
3.2 The proof of the convergence theorem
From (.) it follows that the values ‖uε‖H(), ‖u˜ε (k)‖L(Dk ), ‖∂˜xiuε
(k)‖L(Dk ) (i = , , ,
k = , . . . ,m) are uniformly bounded with respect to ε. Therefore we can choose a subse-
quence {ε′} ⊂ {ε} (again denoted by ε) such that
uε|
w−→ u+ weakly in H(),
u˜ε (k)
w−→ |Bk|(|Bk|–u(k)) =: |Bk|u(k) weakly in L(Dk),
∂˜xiuε
(k) w−→ γ (k)i weakly in L(Dk),
⎫
⎪⎪⎬
⎪⎪⎭
as ε → , (.)
where u+, u
(k)
 , γ
(k)
i , k = , . . . ,m, i = , ,  are some functions that will be determined in
the following.
. At ﬁrst we determine functions γ (k)i , i = , , , k = , . . . ,m. Consider an arbitrary func-
tion ψ ∈ C∞ (Dk). Since ∂x (u˜ε (k)) = ∂˜xuε
(k)
,
∫
Dk
∂˜xuε
(k)
ψ dx = –
∫
Dk
u˜ε (k)∂xψ dx ∀ψ ∈ C∞ (Dk).
Passing to the limit as ε →  in this identities, we obtain
∫
Dk
γ
(k)
 ψ dx = –|Bk|
∫
Dk
u(k) ∂xψ dx ∀ψ ∈ C∞ (Dk), (.)
whence it follows that there exist a weak derivative ∂xu
(k)
 and γ
(k)
 = |Bk|∂xu(k) a.e. in Dk ,
k = , . . . ,m.
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Consider the functionsZj(ξj) = –ξj+[ξj], j = , , where [t] is the integer part of t.With the
help of these functions we determine for every k ∈ {, . . . ,m} the following test-functions:

(k)
j (x) =
⎧
⎪⎪⎨
⎪⎪⎩
, x ∈ ,
εZj(
xj
ε
)ψk (x) + gk (x), x ∈Gε(k),
gk(x), x ∈Gε(k),k ∈ {, . . . ,m} \ {k},
j = , , (.)
where ψk is arbitrary positive function from C∞ (Dk ).
Since Zj ≤  and ψk ≥ , the functions {(k) ,(k) }mk= belong to Kε and

(k)
j (x) – G(x) =
⎧
⎨
⎩
, x ∈ ε \Gε(k),
εZj(
xj
ε
)ψk (x), x ∈Gε(k),
j = , ,
∇((k) – gk
)
= (–ψk , , ) + εZ
(x
ε
)
∇ψk in Gε(k),
∇((k) – gk
)
= (,–ψk , ) + εZ
(x
ε
)
∇ψk in Gε(k).
Substituting the functions {(k)j } into the integral inequality (.), we get
–ak
∫
Gε(k)
∂xjuεψk dx + εak
∫
Gε (k)
Zj
(xj
ε
)
∇uε · ∇ψk dx
+ ε
∫
Gε(k)
μk (uε)Zj
(xj
ε
)
ψk dx
≥ –εαk+
∫
Sε (k)
hk (uε)Zj
(xj
ε
)
ψk dσx. (.)
Owing to (.), (.), (.), and (.), we deduce from (.) the estimate
∣∣∣∣
∫
Dk
∂˜xjuε
(k)
ψk dx
∣∣∣∣ ≤ Cε,
whence we get γ (k) = γ
(k)
 =  a.e. in Dk , k = , . . . ,m.
. By virtue of the continuity of the trace operator, the compact embedding H/(Q) ⊂
L(Q), and the ﬁrst relation in (.), we have
uε
(
x′,  + 
) → u+
(
x′, 
)
strongly in L(Q) as ε → .
Consider -periodic functions
χk
(
ξ ′
)
=
⎧
⎨
⎩
, ξ ′ ∈ Bk ,
, ξ ′ ∈ \ Bk ,
k = , . . . ,m.
It is known that
χk
(x′
ε
)
w−→ |Bk| weakly in L(Q) as ε → . (.)
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Since u˜ε (k)(x′,  – ) = χk( x
′
ε
)uε(x′,  + ) a.e. in Q,
u˜ε (k)
(
x′,  – 
) w−→ |Bk|u+
(
x′, 
)
weakly in L(Q) as ε → .
On the other hand,
∫
Q
u˜ε (k)
(
x′, 
)
ψ
(
x′
)
dx′ = dk
∫
Dk
(
u˜ε (k)(x)ψ
(
x′
)
+ (x + dk)∂x u˜ε (k)(x)ψ
(
x′
))
dx
for any functionψ ∈ C∞ (Q) and k ∈ {, . . . ,m}. Passing to the limit in this equality and tak-
ing into account the second relation in (.) and the convergence results obtained above,
we obtain
|Bk|
∫
Q
u+
(
x′, 
)
ψ
(
x′
)
dx′ = |Bk|dk
∫
Dk
(
u(k) (x)ψ
(
x′
)
+ (x + dk)∂xu
(k)
 (x)ψ
(
x′
))
dx,
whence
u+
(
x′, 
)
= u(k)
(
x′, 
)
for a.e. x′ ∈Q,k = , . . . ,m.
. Let us show that
u(k) ≤ gk a.e. in Dk ,k = , . . . ,m. (.)
For this purpose we take any nonnegative function φ ∈ C∞(Dk) and insert uεφ into (.)
instead of v. Since φ ≥  and uε ∈Kε , we get
lk
|Bk|
∫
Dk
u˜ε (k)φ dx + ε
∫
Gε(k)
∇ξ ′Yk
(
ξ ′
)∣∣
ξ ′= x′ε
· ∇x′ (uεφ)dx
≤ ε
∫
Sε (k)
gkφ dσx
= lk|Bk|
∫
Dk
χk
(x′
ε
)
gkφ dx + ε
∫
Gε(k)
∇ξ ′Yk
(
ξ ′
)∣∣
ξ ′= x′ε
· ∇x′ (gkφ)dx. (.)
Taking into account (.), the second limit in (.) and (.), we can pass to the limit in
(.) as ε → . As a result, we have
∫
Dk
u(k) φ dx≤
∫
Dk
gkφ dx ∀φ ∈ C∞(Dk),φ ≥ ,
whence (.) follows.
. Consider the following set of multi-valued functions:
C∞G (,D, . . . ,Dm) :=
{
(ϕ,ϕ, . . . ,ϕm) : ϕ ∈ C∞(),ϕ|
 = ,
ϕk ∈ C∞(Dk),ϕk ≤ gk in Dk ,k = , . . . ,m,
ϕ+
(
x′, 
)
= ϕk
(
x′, 
)
for x′ ∈Q,k = , . . . ,m}. (.)
Obviously, for all ϕ ∈ C∞G (,D, . . . ,Dm) its restriction (ϕ,ϕ|Gε(), . . . ,ϕm|Gε (m)) belongs
to Kε .
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Now let us add to inequality (.) the inequality
∫

∣∣∇(ϕ – uε)
∣∣ dx +
m∑
k=
ak
∫
Gε(k)
∣∣∂x (ϕ – uε)
∣∣ dx +
m∑
k=
ak
∫
Gε(k)
|∂xuε| dx
+
m∑
k=
ak
∫
Gε (k)
|∂xuε| dx +
∫

(
μ(ϕ) –μ(uε)
)
(ϕ – uε)dx
+
m∑
k=
∫
Gε (k)
(
μk(ϕ) –μk(uε)
)
(ϕ – uε)dx
+
m∑
k=
εαk
∫
Sε (k)
(
hk(ϕ) – hk(uε)
)
(ϕ – uε)dσx
≥ ,
where ϕ is arbitrary function from C∞G (,D, . . . ,Dm). We get
∫

∇ϕ · ∇(ϕ – uε)dx +
m∑
k=
ak
∫
Gε(k)
∂xuε∂xϕ dx +
m∑
k=
ak
∫
G(εk)
∂xuε∂xϕ dx
+
m∑
k=
ak
∫
Gε(k)
∂xϕ∂x (ϕ – uε)dx +
∫

μ(ϕ)(ϕ – uε)dx
+
m∑
k=
∫
Gε(k)
μk(ϕ)(ϕ – uε)dx +
m∑
k=
εαk
∫
Sε (k)
hk(ϕ)(ϕ – uε)dσx
≥
∫

f (ϕ – uε)dx, (.)
which with the help of (.) we can rewrite as
∫

∇ϕ · ∇(ϕ – uε)dx +
m∑
k=
ak
∫
Dk
˜
∂xu
(k)
ε ∂xϕk dx +
m∑
k=
ak
∫
Dk
˜
∂xu
(k)
ε ∂xϕk dx
+
m∑
k=
ak
∫
Dk
χk
(x′
ε
)
∂xϕk∂xϕk dx –
m∑
k=
ak
∫
Dk
∂xϕk
˜
∂xu
(k)
ε dx
+
∫

μ(ϕ)(ϕ – uε)dx +
m∑
k=
∫
Dk
χk
(x′
ε
)
μk(ϕk)ϕk dx –
m∑
k=
∫
Dk
μk(ϕk)u˜ε (k) dx
+
m∑
k=
εαk–
lk
|Bk|
∫
Dk
χk
(x′
ε
)
hk(ϕk)ϕk dx –
m∑
k=
εαk–
lk
|Bk|
∫
Dk
hk(ϕk)u˜ε (k) dx
+
m∑
k=
εαk
∫
Dk
χk
(x′
ε
)
∇ξ ′Yk
(
ξ ′
)∣∣
ξ ′= x′ε
· ∇x′
(
ϕkhk(ϕk)
)
dx
–
m∑
k=
εαk
∫
Gε(k)
∇ξ ′Y (m)k
(
ξ ′
)∣∣
ξ ′= x′ε
· ∇x′
(
hk(ϕk)uε
)
dx
≥
∫

f (ϕ – uε)dx. (.)
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Taking into account (.), (.), (.), the convergence results (.) obtained in the ﬁrst
item of the proof, and the assumption that αk ≥ , we can pass to the limit in (.) as
ε → . As a result, we obtain the inequality
∫

∇ϕ · ∇
(
ϕ – u+
)
dx +
m∑
k=
ak|Bk|
∫
Dk
∂xϕk∂x
(
ϕk – u(k)
)
dx
+
∫

μ(ϕ)
(
ϕ – u+
)
dx +
m∑
k=
|Bk|
∫
Dk
μk(ϕk)
(
ϕk – u(k)
)
dx
+
m∑
k=
δαk ,lk
∫
Dk
hk(ϕk)
(
ϕk – u(k)
)
dx
≥
∫

f
(
ϕ – u+
)
dx ∀ϕ ∈ C∞G (,D, . . . ,Dm). (.)
Since C∞G (,D, . . . ,Dm) is dense in K, the integral inequality (.) is valid for any
multi-valued function ϕ ∈ K. This and inequalities (.) mean that the multi-valued
function u deﬁned by (.) is the unique solution of inequality (.) (see Deﬁnition .)
and, moreover, it is the weak solution to the homogenized problem (.). Owing to the
uniqueness of this solution, the above argumentations are true for any subsequence of {ε}
chosen at the beginning of the proof. Thus the limits in (.) hold. 
4 Convergence theorem in the case αk0 < 1
Now let us suppose that for some k = k parameter αk <  and the other parameters {αk}
are greater than or equal to one; for deﬁniteness let k = , i.e., α < , αk ≥ , k = , . . . ,m.
In this case we additionally assume that the condition C is satisﬁed.
Theorem . (Case α < , αk ≥ , k = , . . . ,n) Let the conditions described above are per-
formed. Then the sequence of solutions {uε}ε> to the problem (.)-(.) satisﬁes the rela-
tions
uε|
w−→ u+ weakly in H(;
),
u˜ε ()
s−→  strongly in L(D),
u˜ε (k)
w−→ |Bk|u(k) weakly in W ,,(Dk),
∂˜xiuε
(k) w−→  weakly in L(Dk), i = , 
⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
as ε → , (.)
for k = , . . . ,m, where u+ is the unique weak solution to the following problem:
⎧
⎨
⎩
–	xu+ +μ(u+) = f in ,
u+ =  on 
 ∪Q, and ∂νu+ =  on ∂ \ (
 ∪Q),
(.)
and for every k ∈ {, . . . ,m} the function u(k) is the unique weak solution of the following
problem:
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
⎧
⎨
⎩
u(k) ≤ gk , –ak|Bk|∂xxu(k) + |Bk|μk(u(k) )≤ –δαk ,lkhk(u(k) ),
(u(k) – gk)(–ak|Bk|∂xxu(k) + |Bk|μk(u(k) ) + δαk ,lkhk(u(k) )) = ,
in Dk ,
u(k) |x= = , ∂xu(k) |x=–dk = .
(.)
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4.1 Weak solutions of problems (4.2) and (4.3)
Deﬁnition . A function u+ ∈ H(;
 ∪ Q) is called a weak solution to the problem
(.) if it satisﬁes the integral identity
∫

∇u+ · ∇ϕ dx +
∫

μ
(
u+
)
vdx ∀ϕ ∈H(;
 ∪Q), (.)
where H(;
 ∪Q) := {u ∈H() : u|
∪Q = }.
Due to the condition C, it follows from the main results of the theory of semilinear
boundary-value problems that the problem (.) has the unique weak solution.
For the treatment of the problem (.) at ﬁxed k ∈ {, . . . ,m}we introduce the anisotropic
Sobolev space W ,,(Dk ;Q) := {u ∈ W ,,(Dk) : u|Q = } and deﬁne an operator Ak :
W ,,(Dk ;Q) → (W ,,(Dk ;Q))∗ through the relation
〈Aku, v〉k = ak|Bk|
∫
Dk
∂xu∂xvdx + |Bk|
∫
Dk
μk(u)vdx + δαk ,lk
∫
Dk
hk(u)vdx
for any u, v ∈W ,,(Dk ;Q), where 〈·, ·〉k is pairing of (W ,,(Dk ;Q))∗ andW ,,(Dk ;Q).
Also we determine the subset
Kk :=
{
u ∈W ,,(Dk ;Q) : u≤ gk a.e. in Dk
}
.
Obviously Kk is closed and convex inW ,,(Dk ;Q).
With the help of (.)-(.) andCauchy’s inequality with δ > , similarly to Section ., we
prove that the operatorAk is coercive, strong monotone, bounded, and hemicontinuous.
Then, in the same way as in Section , we can give the deﬁnition of a weak solution to the
problem (.) at any ﬁxed index k ∈ {, . . . ,m}.
Deﬁnition . A function u(k) ∈ Kk is called a weak solution to the problem (.) if it
satisﬁes the inequality
〈Akϕ,ϕ – u(k)
〉
k ≥  ∀ϕ ∈ Kk .
Thanks to Theorems ., . from [], the problem (.) has a unique weak solution.
4.2 The proof of Theorem 4.1
. The convergences
uε|
w−→ u+ weakly in H(;
),
u˜ε (k)
w−→ |Bk|u(k) weakly inW ,,(Dk),
∂˜xiuε
(k) w−→  weakly in L(Dk), i = , 
⎫
⎪⎪⎬
⎪⎪⎭
as ε → 
for every k ∈ {, . . . ,m} over a subsequence are proved in practically the same way as in
the ﬁrst item in the proof of Theorem ..
. We now show that the traces of the functions u+ and {u(k) } are equal to zero on Q.
Using (.), (.), (.), and condition C, we deduce from the integral identity (.) the
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following inequality:
cεα
∫
Sε ()
uε dσx
≤ ‖f ‖L()‖uε‖L() + c‖uε‖ε +
∫

(∣∣μ()
∣∣ + c|uε|
)|uε|dx
+
m∑
k=
∫
Gε(k)
(∣∣μk()
∣∣ + c|uε|
)|uε|dx +
m∑
k=
εαk
∫
Sε (k)
(∣∣hk()
∣∣ + c|uε|
)|uε|dσx
≤ C.
Then, with the help of (.) we get
∫
Gε ()
uε dx≤ C
(
ε
∫
Gε()
|∇x′uε| dx + ε–αεα
∫
Sε ()
uε dσx
)
≤ Cεθ ,
where θ := min(;  – α) > . Therefore
u˜ε ()
s−→  strongly in L(D) as ε → . (.)
Arguing as in the second item in the proof of Theorem ., we obtain
u+
(
x′, 
)
= u(k)
(
x′, 
)
=  for a.e. x′ ∈Q,k = , . . .m. (.)
Also similarly to the proof of (.), we deduce that
u(k) ∈ Kk , k = , . . . ,m. (.)
. Consider the arbitrary function ϕ ∈ C∞() such that ϕ|
∪Q = . Obviously, the
function
φτ (x) =
⎧
⎪⎪⎨
⎪⎪⎩
τϕ(x), x ∈ ,
, x ∈Gε(),
gk(x), x ∈Gε(k),k = , . . . ,m,
where τ ∈R, belongs to Kε . Writing the inequality (.) with ϕ = φτ , we have
τ
∫

∇uε · ∇ϕ dx + τ
∫

μ(uε)ϕ dx≥ τ
∫

f ϕ dx.
Replacing τ with –τ , we deduce that in fact equality holds above, i.e.,
∫

∇uε · ∇ϕ dx +
∫

μ(uε)ϕ dx =
∫

f ϕ dx. (.)
Since uε|
w−→ u+ weakly in H(;
) and strongly in L(), we can pass to the limit
over a subsequence of the sequence {ε} in (.) and arrive at the identity
∫

∇u+ · ∇ϕ dx +
∫

μ
(
u+
)
ϕ dx =
∫

f ϕ dx, ∀ϕ ∈ C∞(),ϕ|
∪Q = .
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Hence, with regard to (.), u+ is indeed the unique weak solution to the problem (.).
. Denote by C∞G,(,D, . . . ,Dm;Q) the subset of C∞G (,D, . . . ,Dm) (see (.)) having
the property that ϕ ≡  (recall that g ≡ ). Obviously
ϕ+
(
x′, 
)
= ϕk
(
x′, 
)
= , x′ ∈Q,k = , . . . ,m,
for every ϕ ∈ C∞G,(,D, . . . ,Dm;Q).
Inserting the restriction (ϕ, |Gε (), . . . ,ϕm|Gε (m)) of ϕ ∈ C∞G,(,D, . . . ,Dm;Q) in in-
equality (.) and then passing to the limit as ε →  similarly to the fourth item of the
proof of Theorem ., we ﬁnd that
∫

∇ϕ · ∇
(
ϕ – u+
)
dx +
m∑
k=
ak|Bk|
∫
Dk
∂xϕk∂x
(
ϕk – u(k)
)
dx
+
∫

μ(ϕ)
(
ϕ – u+
)
dx +
m∑
k=
|Bk|
∫
Dk
μk(ϕk)
(
ϕk – u(k)
)
dx
+
m∑
k=
δαk ,lk
∫
Dk
hk(ϕk)
(
ϕk – u(k)
)
dx
≥
∫

f
(
ϕ – u+
)
dx (.)
for an arbitrary multi-valued function ϕ ∈ C∞G,(,D, . . . ,Dm;Q). Here we have essen-
tially used h() =  and (.).
Now let us take any k ∈ {, . . . ,m}. Due to (.) and (.) we can consider (.) with the
following multi-valued function:
ϕk (x) =
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
u+(x), x ∈ ,
, x ∈Gε(),
ϕk (x), x ∈Gε(k),
u(k) (x), x ∈Gε(k),k ∈ {, . . . ,m} \ {k},
where ϕk is arbitrary function from Kk . As a result, we have
ak |Bk |
∫
Dk
∂xϕk∂x
(
ϕk – u
(k)

)
dx + |Bk |
∫
Dk
μk (ϕk )
(
ϕk – u
(k)

)
dx
+ δαk ,lk
∫
Dk
hk (ϕk )
(
ϕk – u
(k)

)
dx
≥ , ∀ϕk ∈ Kk .
This variational inequality means that u(k) is the unique solution to the problem (.) (see
Deﬁnition .). Owing to the uniqueness of this solution, the above argumentations are
true for any subsequence of {ε} chosen at the beginning of the proof. Thus the limits in
(.) hold. 
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5 Conclusion
. In the Signorini boundary conditions there are two alternative sets of boundary condi-
tions the solution must satisfy and it is not a priori known what of the two sets is satisﬁed
for each point. This type of boundary conditions are most suitable for simulation of dif-
ferent processes in domains with complex structure of the boundary. For our problem
(.)-(.) this is an inhomogeneous Dirichlet condition or a nonlinear Robin condition:
uε = gk or ak∂νuε + εαk hk(uε) = 
on the lateral surfaces Sε(k) of the thin cylinders Gε(k) (k = , . . . ,m).
This Robin condition describes the motion of a ﬂux of a quantity having diﬀerent fea-
tures that are described by the function hk and by the presence of special intensity factor
εαk . At ﬁrst glance it may seem that there is no diﬀerence between the Robin condition and
the homogeneous Neumann condition, since the term hk(uε) is multiplied by εαk . How-
ever, as we can see from Theorems . and ., this is true only if αk > . If αk = , then the
new blow-up term lkhk(u(k) ) appears in the variational relations inDk (see (.) and (.)).
Just the appearance of this term in the homogenized relations provides mathematical jus-
tiﬁcation of the chemical activity of nanostructural materials (see [] for more detail).
If physical properties of the thin cylinders from the diﬀerent classes are almost similar
(αk ≥ , k = , . . . ,m), then the global ﬂow described by the multi-valued function u (see
(.)) behaves as a many-phase system in the region which is ﬁlled up by the thin cylinder
from each class in the limit passage as the parameter ε → . An analogous eﬀect was
observed in the asymptotic behavior of solutions of various boundary-value problems in
thick multi-level junctions of diﬀerent types [–].
If some αk < , then the interaction between the lateral surfaces Sε(k) of the thin cylin-
ders Gε(k) and the outside medium is very intensive and plays a dominant role in the
asymptotic behavior of the problem (.)-(.). Note that this interaction may not be too
strong locally if  ≤ αk < , but it produces this eﬀect due to the total area of the sur-
faces Sε(k). As a result, the solution uε tends to zero in the thin cylinders Gε(k). Since
the cylinders Gε(k) are ε-periodically alternated with cylinders from the other classes,
the problem (.)-(.) splits, in passing to the limit as ε → , into the boundary-value
problem (.) and the spatial variational inequalities (.).
Successful applications of thick-junction constructions have stimulated active study of
BVPs in thick junctions with strongly contrasting physical properties (see [–]).
. We can obtain similar results if the functions {μk}mk= and {hk}mk= depend both on x ∈
[–dk , ] and s ∈ R. In this case we have to assume that the inequalities (.) are satisﬁed
uniformly regarding x, functions {μk}mk= and {hk}mk= vanish at x = , and their derivatives
with respect to x are uniformly bounded.
. Also we think that the solution to the homogenized problem (.) can be constructed
by using a penalty formulation and successive iteration similarly to the proposal byWend-
land in [], Section .
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